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Let W s s W  p. [ W 2 q . be a direct sum of two vector spaces of dimension pp, 2 q 0 1
and 2 q, respectively, over a field k of characteristic zero, p s 2, 3, . . . , `; q s
 : s1, 2, . . . , `; and let x, y be a nondegenerate bilinear form on W which isp, 2 q
 p. 2 q .   p. 2 q .:symmetric on W and skew-symmetric on W and such that W , W s0 1 0 1
 2 q .  p.: s sW , W s 0. Then the vector space B s k [ W equipped with the1 0 p, 2 q p, 2 q
 . .   :.  . sproduct a q ¨ b q u s ab q ¨ , u q a u q b ¨ , a , b g k, ¨ , u g W ,p, 2 q
is a simple Jordan superalgebra, with k q W  p. as its even component and W 2 q .0 1
as the odd one. In this paper explicit finite bases for graded polynomial identities
of the series of Jordan superalgebras B s , p s 2, 3, . . . , `; q s 1, 2, . . . , `; arep, 2 q
found. Q 1996 Academic Press, Inc.
The definition of the Jordan superalgebras B s , p s 2, 3, . . . , `; q sp, 2 q
 w x.1, 2, . . . , ` cf. 1 is akin to that of the Jordan algebras of a nondegenerate
 w x.symmetric bilinear form B , n s 2, 3, . . . , ` cf. 2 . Polynomial and tracen
identities of the Jordan algebras B have been studied by a number ofn
 w x w x. w xresearchers see, for example, 3 ] 13 . In 8 , Il'tiakov has developed a
method for working on polynomial identities of the unital Jordan algebras
that satisfy certain polynomial identities of the infinite-dimensional alge-
w xbra B . His ideas have been furthered by the author in 12 , where explicit`
finite bases for polynomial identities of the Jordan algebras B , n sn
2, 3, . . . , `, over an infinite field of characteristic / 2 have been obtained.
In particular, it has been shown that, in characteristic zero, the identities
T x , x , y , y , z , t s 0 1 .  . .
e x , x , y , x , y s 0, 2 .  . . s s 1. s 2. s 3.
sgS3
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 .  .  .  .  .  .where x, y, z s xy z y x yz associator and T x, y, z, t s xy, z, t y
 .  .x y, z, t y y x, z, t , generate the T-ideal of polynomial identities of the
infinite-dimensional Jordan algebra B , while all the polynomial identities`
 .  .of the Jordan algebra B with n - ` follow from 1 , 2 , andn
e x , y , x , y , . . . , x , y , x s 0, 3 .  . s s 1. 1 s 2. 2 s n. n s nq1.
sgSnq1
 .  . .where x , x , . . . , x s x , x , . . . , x , x , x for m s1 2 2 mq1 1 2 2 my1 2 m 2 mq1
2, 3, . . . .
The subject of our present discussion is graded polynomial identities of
the Jordan superalgebras B s . Our main motivation for investigatingp, 2 q
 .graded polynomial identities rather than ordinary non-graded ones of a
superalgebra is that the latter contain no information about the grading,
which, however, is a prime feature of the algebra under consideration.
Graded polynomial and trace identities of Z -graded algebras have been2
 w x w x. w xstudied by many authors see, for example, 14 ] 22 . In particular, in 18
a basis for graded polynomial identities of the simple associative superal-
 .gebra M k has been found.1, 1
In this paper we will find explicit finite bases for graded polynomial
identities of the series of simple Jordan superalgebras B s , p sp, 2 q
2, 3, . . . , `; q s 1, 2, . . . , `; over a field of characteristic 0. Note that most
of the time we study graded polynomial identities of the Z -graded Jordan2
 s . salgebra G B , the Grassmann envelope of B , rather than those ofp, 2 q p, 2 q
the superalgebra B s itself. It is not difficult to see that the algebrap, 2 q
 s .G B satisfies all ordinary polynomial identities of the Jordan algebrap, 2 q
w xB . This allows us to make use of the methods developed in 8, 12 .`
Applying them, we succeed in proving that all graded polynomial identities
of the Jordan superalgebra of a bilinear form B s follow from allp, 2 q
 .  .possible superizations of 1 and 2 , four new graded polynomial identities
of degree 3 and 4, and, if p andror q are finite, one Capelli identity of
degree 2 p q 1 andror one Capelli identify of degree 2 q q 1.
The paper is organized as follows. In Section 1 some basic definitions
are given and it is shown that the problem of finding a basis for graded
identities for the Jordan superalgebra B s is equivalent to that for thep, 2 q
 s .Jordan algebra G B . In Section 2, by means of graded trace identities,p, 2 q
the coincidence of the ideals of graded polynomial identities of the Jordan
 s .algebra G B and the Z -graded Jordan algebra B , which is a graded`, ` 2 `, `
form of the infinite-dimensional algebra of a bilinear form B , is estab-`
lished. In Section 3 some graded polynomial identities of the Jordan
 s .algebra B , which are also identities of G B , are listed; then it is`, ` p, 2 q
 s .shown that all graded identities of the algebra G B follow from thep, 2 q
listed ones and those of a special type, and, finally, a technique for
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manipulating graded polynomials of the special type modulo the listed
identities is discussed. In Section 4 we establish that the listed identities
form a basis for graded polynomial identities of the algebras B and`, `
 s .G B and then we derive from them a basis for the ideal of graded`, `
identities of the Jordan superalgebra B s . Finally, in Section 5 the case of`, `
the Jordan superalgebra B s with either p - ` or q - ` is treated.p, 2 q
1. PRELIMINARIES
Throughout the paper, k is a field of characteristic 0 and all algebras are
considered over k; letters a and b always stand for elements of the field
k. Note that, without loss of generality, we can assume k to be an
algebraically closed field whenever we want to find an orthonormal basis
of a vector space over k endowed with a nondegenerate symmetric bilinear
form. By S we denote the group of all permutations of an n-element set,n
 4usually of the set 1, 2, . . . , n . For s g S , setn
1, if s is even,
e ss y1, if s is odd.
 .If a variable or an expression y contained in another expression is
overlined,
G x , . . . , y , . . . , z , .
it means that we simultaneously consider two possible cases}one with y
missing and another with y present.
Let G s G [ G be the infinite-dimensional Grassmann algebra, with0 1
G as the even component and G as the odd one. If A s A [ A is a0 1 0 1
 .Z -graded nonassociative algebra, then, for each element a g A j A ,2 0 1
we set
0, if a g A ,0d a s .  1, if a g A ;1
that is, the function d: A j A ª Z is the parity function. The Grass-0 1 2
mann en¨elope of a Z -graded algebra A s A [ A is the Z -graded2 0 1 2
algebra
G A s A m G [ A m G , . 0 k 0 1 k 1
 .  .where G A s A m G and G A s A m G .0 0 k 0 1 1 k 1
Let X s X j X be a union of two disjoint countable sets, and let0 1
 .d: X ª Z be the parity function: d x s i for every x g X . Consider the2 i
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w xfree nonassociative algebra F X over k freely generated by the set X.
We can extend the parity function d to the set of all homogeneous
 .polynomials as follows. For a homogeneous polynomial f x , x , . . . , x of1 2 n
degree m in x , m in x , . . . , m in x , we define1 1 2 2 n n
n
d f s m d x . .  . i i
is1
w xThen F X proves to be a Z -graded algebra:2
w x w x w xF X s F X q F X ,0 1
w x  w xwhere, for i g Z , F X s span f g F X : f is homogeneous, and2 i k
 . 4 w xd f s i ; with the parity function d extended to the union F X j0
w x w xF X . We shall refer to elements of the Z -graded algebra F X as1 2
graded polynomials.
A homomorphism j : A s A [ A ª B s B [ B of two Z -graded0 1 0 1 2
 .algebras is said to be graded if j A ; B , i g Z . Let A s A [ A be ai i 2 0 1
Z -graded algebra. It is easy to see that each graded mapping a : X ª A,2
 .i.e., a X ; A , can be uniquely extended to a graded homomorphismi i
w xz : F X ª A. So the intersection
Ker z ,F
w xz : F X ªA
w xwhere z ranges over the set of all graded homomorphisms from F X into
 .A, coincides with the set of graded polynomials f x , x , . . . , x such that1 2 n
 .  .  .f a , a , . . . , a s 0 for all a , a , . . . , a g A j A with d a s d x .1 2 n 1 2 n 0 1 i i
Such a polynomial f , as well as the expression f s 0, is said to be a graded
 .polynomial identity of the Z -graded algebra A. The ideal T A of graded2 2
polynomial identities of the algebra A is graded, that is,
w x w xT A s T A l F X q T A l F X ; .  .  .0 12 2 2
w xand it is stable under all graded endomorphisms of the algebra F X . Such
w x  w x.ideals of the algebra F X are usually called T -ideals cf. 19 . A graded2
 .polynomial f resp. a graded polynomial identify f s 0 is said to follow
from a family of graded polynomials g , l g L resp. from a family ofl
.graded polynomial identities g s 0, l g L if f lies in the smallestl
T -ideal containing all graded polynomials g , l g L.2 l
Throughout the paper, if the parity of a certain variable in a graded
polynomial identify
g x , x , . . . , x s 0 .1 2 n
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is not explicitly specified, it means that this variable represents an element
with an arbitrary parity.
If a permutation
a a ??? a1 2 n
s s g Sna a ??? a /s 1. s 2. s n.
acts on an n-element set consisting of odd and even elements, then we put
 .E s s e , wheret
a a ??? ai i i1 2 mt s a a ??? a /j j j1 2 m
and the rows a a ??? a and a a ??? a are respectively obtained fromi i i j j j1 2 m 1 2 m
the rows a a ??? a and a a ??? a by omitting all the even ele-1 2 n s 1. s 2. s n.
ments. Note that, for all g , g , . . . , g g G j G , we have1 2 n 0 1
g g ??? g s E s g g ??? g . .s 1. s 2. s n. 1 2 n
 .Let A s A [ A be a Z -graded algebra and let f x , x , . . . , x be a0 1 2 1 2 n
multilinear graded polynomial. Suppose
f x , x , . . . , x s a ¨ x , x , . . . , x , 4 .  .  .i 2 n i i s 1. s 2. s n.i i i
i
 .where all the monomial ¨ t , t , . . . , t 's are obtained from the wordi 1 2 n
t t ??? t , by variously placing parentheses inside, and s g S . Then, for1 2 n i n
 .  .b , b , . . . , b g A j A , g , g , . . . , g g G j G with d b s d g s1 2 n 0 1 1 2 n 0 1 i i
 .d x , we havei
f b m g , b m g , . . . , b m g .1 1 2 2 n n
s a ¨ b m g , b m g , . . . , b m g . i i s 1. s 1. s 2. s 2. s n. s n.i i i i i i
i
s a ¨ b , b , . . . , b m g g ??? g . i i s 1. s 2. s n. s 1. s 2. s n.i i i i i i
i
5 .
s a E s ¨ b , b , . . . , b m g g ??? g .  . i i i s 1. s 2. s n. 1 2 ni i i
i
s f * b , b , . . . , b m g g ??? g , .1 2 n 1 2 n
where
f * x , x , . . . , x s a E s ¨ x , x , . . . , x . .  .  .1 2 n i i i s 1. s 2. s n.i i i
i
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 .In view of 5 , we can easily establish that
f g T G A if and only if f * g T A . .  . .2 2
 wNote that f * is obtained from f by using Kaplansky's principle cf. 21,
x.23 . The correspondence f ª f * is well defined up to a sign, which
depends on the original order of the arguments of f. We will refer to f * as
 w x. w xthe superization of f cf. 22 . For a homogeneous polynomial g g F X ,
the superization of g will mean that of its complete linearization. It is easy
 4to see that f * * s "f for each multilinear graded polynomial f. In
particular, it immediately follows that a Z -graded algebra A and its2
  ..second Grassman envelope G G A have exactly the same multilinear
graded polynomial identities, and so their ideals of graded identities
 .    ...coincide: T A s T G G A .2 2
Properties of the correspondence f ª f * have been discussed in a
 w x.number of papers see, for instance, 17, 19, 20 . We will need only the
following fact, which will be proved for completeness.
PROPOSITION 1.1. A multilinear graded polynomial h follows from a
 .family of multilinear graded polynomials g : l g L if and only if h* followsl
 U .from the family g : l g L .l
Proof. Let x , x , . . . , x , x , . . . , x g X be different variables1, 1 1, 2 1, k 2, 1 n, k1 n
arranged into disjoint finite sequences
Y s x , x , . . . , x ;1 1, 1 1, 2 1, k1
Y s x , x , . . . , x ;2 2, 1 2, 2 2, k 2
. . . .. . . .. . . .
Y s x , x , . . . , x .n n , 1 n , 2 n , k n
 4Define the parity function on the n-element set Y s Y , Y , . . . , Y by1 2 n
kj
d Y s d x , j s 1, . . . , n. . . j j , i
is1
For each permutation
Y Y ??? Y1 2 n
s s Y Y ??? Y /s 1. s 2. s n.
acting on the set Y, we denote by s 9 the permutation, acting on the set of
all x 's, which in the two-row form has x x ??? x x ??? xi, j 1, 1 1, 2 1, k 2, 1 2, k1 2
x ??? x as its first row and x x ??? x x ???3, 1 n, k s 1., 1 s 1., 2 s 1., k s 2., 1n s 1.
x x ??? x as its second row. It is easy to see thats 2., k s 3., 1 s n., ks 2. s n.
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 .  .  .E s s E s 9 . Let f x , . . . , x be a multilinear graded polynomial of the1 n
 .  .  .form 4 with d x s d Y , i s 1, 2, . . . , n; leti i
h s h Y s h x , x , . . . , x ; .  .1 1 1 1 1, 1 1, 2 1, k1
. . .. . .. . .
h s h Y s h x , x , . . . , x .  .n n n n n , 1 n , 2 n , k n
be multilinear nonassociative monomials with h s x x . . . x afteri i, 1 i, 2 i, k i
omitting all parentheses in h , i s 1, 2, . . . , n; and leti
h s f h Y , h Y , . . . , h Y . .  .  . .1 1 2 2 n n
Then
h* s a E s X ¨ h , h , . . . , h .  . i i i s 1. s 2. s n.i i i
i
s a E s ¨ h , h , . . . , h .  . i i i s 1. s 2. s n.i i i
i
s f * h Y , h Y , . . . , h Y . .  .  . .1 1 2 2 n n
 .  .Now let u t , . . . , t be a multilinear graded monomial, let f x , . . . , x1 m 1 n
 .  . n  .be a multilinear graded polynomial of the form 4 with d t s  d xk is1 i
 4for some k g 1, . . . , n , and let
h t , . . . , t , x , . . . , x , t , . . . , t .1 ky1 1 n kq1 m
s u t , . . . , t , f x , . . . , x , t , . . . , t . .1 ky1 1 n kq1 m
s a u t , . . . , t , ¨ x , x , . . . , x , t , . . . , t . . . i 1 ky1 i s 1. s 2. s n. kq1 mi i i
i
Denote
t ??? t x ??? x t ??? t1 ky1 1 n kq1 m
s s .Ãi t ??? t x ??? x t ??? t /1 ky1 s 1. s n. kq1 mi i
 .  .It is clear that E s s E s . ThenÃi i
h* s E s a u t , . . . , t , ¨ x , x , . . . , x , t , . . . , t . .Ã  . i i 1 ky1 1 s 1. s 2. s n. kq1 mi i i
i
s E s a u t , . . . , t , ¨ x , x , . . . , x , t , . . . , t .  . . i i 1 ky1 i s 1. s 2. s n. kq1 mi i i
i
s u t , . . . , t , f * x , . . . , x , t , . . . , t . . .1 ky1 1 n kq1 m
This completes the proof.
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COROLLARY 1.2. Let A be a Z -graded algebra o¨er k. Suppose that a2
 4family of homogeneous graded polynomial identities g s 0: l g L gener-l
  ..  .ates the ideal T G A , where G A is the Grassmann en¨elope of A. Then2
 U 4  .the family g s 0: l g L generates the ideal T A .l 2
A Z -graded algebra A is said to a Jordan superalgebra if it satisfies the2
graded super-Jordan identities, which are the superizations of the ordinary
Jordan identities1
xy s yx , x 2 y x s x 2 yx , 6 .  . .
 .that is, if G A is a Z -graded Jordan algebra. It immediately follows from2
 s .Corollary 1.2 that the study of the ideal T B is equivalent to that of2 p, 2 q
the ideal of graded polynomial identities of the Z -graded Jordan algebra2
 s .G B .p, 2 q
It is clear that every Jordan superalgebra B s can be naturally embed-p, 2 q
ded into the infinite-dimensional Jordan superalgebra B s , so that`, `
 s .  s .   s ..   s ..T B ; T B and T G B ; T G B .2 `, ` 2 p, 2 q 2 `, ` 2 p, 2 q
Concluding the section, we outline the two major steps in our further
investigation of the ideal of graded polynomial identities of a general
Jordan superalgebra B s . First, we will obtain graded polynomial identi-p, 2 q
  s ..  s .ties generating the ideal T G B and so those generating T B ,2 `, ` 2 `, `
 s .and then we will find additional graded identities that complete T B .2 p, 2 q
2. Z -GRADED JORDAN ALGEBRA OF2
A BILINEAR FORM
In this section we introduce an infinite-dimensional Z -graded Jordan2
algebra of a nondegenerate symmetric bilinear form and establish that the
 .new algebra has the same graded polynomial and trace identities as
 s .G B . Immediate implications of this result will be considered in the`, `
next section.
Let V s V [ V be a direct sum of two infinite-dimensional vector0 1
 :spaces over k and let x, y be a nondegenerate symmetric bilinear form
 :on V such that V , V s 0. Then the vector space B s k [ V equipped0 1 `, `
with the product
 :a q ¨ b q u s ab q ¨ , u q a u q b ¨ , .  .  . .
a , b g k, ¨ , u g V, is a Z -graded Jordan algebra with k q V as its even2 0
component and V as the odd one.1
1 These identities are not graded. So we must first linearize them, then write out all their
graded consequences, and finally take the superizations of those consequences.
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  s ..  .To show that T G B s T B , we need the notion of a graded2 `, ` 2 `, `
trace identity.
 .  .Let A be a nonassociative unital algebra over a field k and let Z A
be its commutative and associative center. A k-linear mapping t : A ª
 .  .  .Z A with t ab s t ba , where a, b g A, is called a trace on the algebra
 .A, and the pair A, t is said to be a trace algebra.
Let t and h be traces on algebras A and B, respectively. A mapping
 .j : A ª B is called a homomorphism of the trace algebra A, t into the
 .trace algebra B, h if j is a unital homomorphism of the algebra A into
 .   ..B with t a s h j a for every a g A.
 w x .Let FT X , Tr be the free nonassociative trace algebra on the set
 w x.X s X j X of free generators cf. 13 , that is, for every nonassociative0 1
 .trace algebra B, h , each mapping from the set X into B can be uniquely
 w x .  .extended to a homomorphism of the pair FT X , Tr into B, h . The
w x w xalgebra FT X contains the free nonassociative algebra F X . Consider
w x w xthe subalgebra D X of FT X generated by the set
w xg x , . . . , x , Tr g x , . . . , x : g x , . . . , x g F X . 4 .  .  . .1 n 1 n 1 n
w xIt is clear that D X is spanned by elements of the form
a Tr a ??? Tr a , .  .0 1 t
w xwhere t s 0, 1, 2, . . . , and a , a , . . . , a g F X are nonassociative mono-0 1 t
 . w x w xmials; with the elements Tr g , g g F X , lying in the center of D X .
w xThe Z -grading of the algebra F X can be naturally extended to the2
w x w xalgebra D X so that D X becomes a Z -graded algebra:2
w x w x w xD X s D X [ D X .0 1
w xWe will refer to elements of the Z -graded algebra D X as graded2
 .generalized polynomials. A pair A, t , where A s A [ A is a Z -graded0 1 2
 .algebra is said to be a graded trace algebra if t A ; A , i g Z . Ani i 2
 . w xexpression f x , . . . , x s 0, where f g D X , is called a graded trace1 n
 .  .identity of the graded trace algebra A, t if f a , . . . , a s 0 for all1 n
 .  .a , . . . , a g A j A such that d a s d x , i s 1, 2, . . . , n.1 n 0 1 i i
w xAn ideal I of the algebra D X is said to be a graded ¨erbal ideal
 w x.  .cf. 24 if, for every graded generalized polynomial f x , . . . , x g I1 n
w x w xand homogeneous graded polynomials g , . . . , g g F X j F X with1 n 0 1
 .  .  .f g s d x , the graded generalized polynomial f g , . . . , g belongs toi i 1 n
 .I. For every graded trace algebra A, t the ideal of its graded trace
 .identities TR A is graded verbal. We say that a graded trace identity
 .f s 0 follows from a family of graded trace identities g s 0: l g L if fl
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lies in the smallest graded verbal ideal containing all the graded general-
 .ized polynomials g : l g L .l
  s . .It is easy to see that G B ,tr , where`, ` 1
tr a m g q ¨ m g s 2a m g ,1 0 i i 0 /
i
a g k , ¨ g W `. j W `. , g g G j G ,i 0 1 i 0 1
 .as well as B , tr , where`, ` 2
tr a q ¨ q ¨ s 2a , a g k , ¨ g V , ¨ g V , .2 0 1 0 0 1 1
are graded trace algebras.
THEOREM 2.1. The graded trace identities
Tr x s 0, d x s 1, 7 .  .  .
2 xy y Tr x y y Tr y x q Tr x Tr y y Tr xy s 0, 8 .  .  .  .  .  . .
  s ..  .generate each of the ideals TR G B and TR B .`, ` `, `
 .  .Proof. Let I be the graded verbal ideal generated by 7 and 8 . It is0
 . w ximmediate from 8 that in D X rI we have0
2 xy s Tr x y q Tr y x y Tr x Tr y q Tr xy ; 9 .  .  .  .  .  .
Tr xyz s 2 xy z y Tr xy z q Tr z xy q Tr xy Tr z . 10 .  .  .  .  .  .  . .
 .  .  .In view of 7 , 9 , and 10 , each graded generalized polynomial f g
w xD X rI can be represented as a linear combination of monomials of the0
form
a Tr a Tr a ??? Tr a , .  .  .0 1 2 n
w xwhere a g X, and a , . . . , a are monomials in F X of degree no0 1 n 0
 .greater than 2. Then, by 7 , f can be rewritten as
1f s a x y Tr x . .  4  4i , d , n i i20 i k , l 0 0
 4  4i , d , n0 i k , l
nd k , li= Tr x H x , x , .  . i k l 5
d G1 n G1i k , l
 .  .  .where d x s 0 if d G 1, d x s d x if n G 1, andi i k l k , l
1H x , y s Tr xy y Tr x Tr y . .  .  .  .2
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Note that
 :H a q ¨ , a q ¨ s ¨ , ¨ , a , a g k , ¨ , ¨ g V q V ; .1 1 2 2 1 2 1 2 1 2 0 1
 :H b q w , b q w s w , w , b , b g k m G , .1 1 2 2 1 2 1 2 0
w , w g W `. m G q W `. m G .1 2 0 0 1 1
Then, for all ¨ , ¨ , . . . g W `. j W `., b , b , . . . g k, g , g , . . . g G j1 2 0 1 1 2 1 2 0
`.  .  .  .G with ¨ g W , d g s d x , and b s 0 if d x s 1, we have1 j d x . j j j jj
f s " a ¨  4  4i , d , n i0 i k , l 0 .x s b q¨ mgj j j j  4  4i , d , njs1, 2, . . . o i k , l
d i  :n k , l= b ¨ , ¨ m g ??? g . i k l 1 m 5
d G1 n G1i k , l
 s .If f s 0 is a graded trace identity of the algebra G B , then, since the`, `
field k is infinite, for each fixed sequence d , d , . . . , the graded polyno-1 2
mial identity
n k , l1a x y Tr x H x , x s 0 .  . .  4i , d , d , . . . , n i i k l20 1 2 k , l 0 0
n G1k , l 4i , d , d , . . . , n0 1 2 k , l
11 .
also holds in the algebra. Therefore, all graded trace identities of the
 s .  .  .graded trace algebra G B , follow, modulo 7 and 8 , from those of the`, `
 .form 11 . It is easy to see that the same is true for the graded trace
 s .algebra B . We now show that each of the algebras G B and B`, ` `, ` `, `
 .satisfies no nontrivial graded trace identities of the form 11 . Let
1 i.  i.  i.  i.  i.  i.a x y Tr x H x , x H x , x . . . s 0, 12 . .  .  . . i 0 0 1 2 3 42
i
  i. .   i. .where d x s d x , r s 0, 1, 2, . . . , be a multilinear graded trace2 rq1 2 rq2
 s .identity of the trace algebra G B . For any fixed index i , we make the`, ` 0
 .substitution in 12 ,
if d x  i0 . s 0, then x  i0 . s e m g ; .0 0 0 0
 i .  i .0 0if d x s 1, then x s u m g ; .0 0 0 0
 i .0x s e m g ;2 ry1 r 2 ry1 i .  i .0 0if d x s d x s 0, then .  .2 ry1 2 r  i . 0x s e m g ;2 r r 2 r
 i .0x s u m g ;2 ry1 r 2 ry1 i .  i .0 0if d x s d x s 1, then .  .2 ry1 2 r  i . 0x s ¨ m g ;2 r r 2 r
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 .   i0 ..where g g G j G , d g s d x , g g ??? g / 0, and the elementsj 0 1 j j 0 1 n
e , e , . . . g W `. and u , u , ¨ , u , ¨ , . . . g W `. satisfy the following0 1 0 0 1 1 2 2 1
conditions:
 :  :e , e s u , ¨ s 1, l s 0, 1, 2, . . . ;l l l l
 :  :  :e , e s u , ¨ s ¨ , ¨ s 0, i / j.i j i j i j
This substitution gives us the equality
a u m g g g . . . s 0,i 0 1 20
 4where u g e , u , whence a s 0. Therefore, the expression in the0 0 i0
 .  .left-hand side of 12 is trivial. Now let 12 be a multilinear graded trace
identity of the graded algebra B . Then, for any fixed i , we make the`, ` 0
 .substitution in 12 ,
if d x  i0 . s 0, then x  i0 . s e ; .0 0 0
 i .  i .0 0if d x s 1, then x s u ; .0 0 0
 i .0x s e ;2 ry1 r i .  i .0 0if d x s d x s 0, then .  .2 ry1 2 r  i . 0x s e ;2 r r
 i .0x s u ;2 ry1 r i .  i .0 0if d x s d x s 1, then .  .2 ry1 2 r  i . 0x s u ;2 r r
where the elements e , e , . . . g V , and u , u , u , . . . g V satisfy the0 1 0 0 1 2 1
conditions
 :  :  :  :e , e s u , u s 1, e , e s u , u s 0, l s 0, 1, . . . ; i / j;l l l l i j i j
 4to get a u s 0, where u g e , u , whence a s 0 again. This completesi 0 0 i0 0
the proof.
  s ..  .COROLLARY 2.2. The ideals T G B and T B coincide.2 `, ` 2 `, `
 .  . w xProof. Since T A s TR A l F X for every graded trace algebra2
 .A, t , the corollary immediately follows from Theorem 2.1.
  s ..3. GENERATION OF THE IDEAL T G B2 p, 2 q
In this section we first list some graded polynomial identities of the
 s .   s ..Jordan algebra G B , then we show that the ideal T G B isp, 2 q 2 p, 2 q
generated by the listed identities and those of a special type, and, finally,
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we discuss a technique for manipulating graded polynomials of the special
type modulo the listed identities.
 .   s ..   s ..Since T B s T G B : T G B , p s 2, 3, . . . , `; q s2 `, ` 2 `, ` 2 p, 2 q
1, 2, . . . , `, every graded polynomial identity of the algebra B holds in`, `
 s .every Jordan algebra G B . Being a Jordan algebra of a symmetricp, 2 q
 .  .  .  .bilinear form, B satisfies the ordinary identities 1 , 2 , and 6 . We`, `
 .  .  .denote by I the T-ideal generated by 1 , 2 , and 6 . It is not difficult to`
verify that the following graded polynomial identities hold in B :`, `
x , y , z s 0, d x s d z / y ; 13 .  .  .  .  .
xy , z , t s 0, d x s d y s 1; 14 .  .  .  .
x , y , z t s 0, d x q d y q d z s 0, d t s 1; 15 .  .  .  .  .  .
x y , z , t s y x , z , t , d x s d y s 1, d z s d t s 0. .  .  .  .  .  .
16 .
 .  .It is clear that each of the graded identities 13 ] 15 coincides with its
 .superization; whereas the superization of 16 is
x y , z , t s yy x , z , t , d x s d y s 1, d z s d t s 0. .  .  .  .  .  .
17 .
 .  .  .  .  .Denoting by GI the T -ideal generated by 1 , 2 , 6 , and 13 ] 16 , we` 2
have the inclusion
I ; GI ; T B . .` ` 2 ` , `
w xLet V be the smallest subset of F X such that, for x, y, z, t g V j X,
x , y , z , T x , y , z , t g V . .  .
 : w xWe denote by V the subalgebra generated by V in F X . Consider an
arbitrary linear order $ on the set X. It is clear that $ can be extended
 :  :to V j X in such a way that ¨ $ x for all ¨ g V , x g X.
 w x.  .LEMMA 3.1. Cf. 8, Proof of Lemma 3 . Modulo 6 ,
 :w xF X ' span ¨ R R ??? R : ¨ g V j X ; z , z , . . . , z g X ;k 0 z z z 0 1 2 n1 2 n
4¨ $ z $ z $ ??? $ z ; n s 0, 1, 2, . . . ,0 1 2 n] ] ] ]
where R is the operator of right multiplication by z.z
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Choosing a linear order $ such that x $ x for all x g X , x g X ;1 0 0 0 1 1
we obtain
 .LEMMA 3.2. Modulo 6 ,
w xF X ' span ¨ R R ??? R R ??? R :k 0 y y y x x1 2 m 1 n
 :¨ g V j X ; x , . . . , x g X ;0 1 n 0
y , y , . . . , y g X ; ¨ $ y $ ??? $ y1 2 m 1 0 1 m] ] ]
$ x $ ??? $ x ; m , n s 0, 1, 2, . . . .41 n] ]
For each x g X , denote by D the operator of partial derivation with0 x
w x  w x.  s .respect to x in F X cf. 2, Chap. 1 . The Jordan algebra G Bp, 2 q
contains a unity; hence, for each its graded polynomial identity f s 0, the
identity D f s 0 also holds in the algebra. It is easy to see that, forx
 : w xu g V and x g X , D u s 0 in F X . Using the same reasoning as in0 x
w x8, Lemma 4 , we obtain
  s ..LEMMA 3.3. For e¨ery p G 2, q G 1, the graded ideal T G B is2 p, 2 q
 s .generated by GI and the graded polynomial identities of G B that lie in` p, 2 q
the ¨ector space
 :U s span ¨ R R ??? R : ¨ g V j X ; y , y , . . . , y g X ;k 0 y y y 0 1 1 2 m 11 2 m
m s 0, 1, 2, . . . 4
 :s span ¨ R R ??? R : ¨ g V ; y , y , . . . , y g X ;k 0 y y y 0 1 2 m 11 2 m
w xm s 0, 1, 2, . . . q F X ,4 1
w x w xwhere F X is the subalgebra of F X generated by the set X .1 1
 .  w x.Note that the following identities follow from 6 cf. 8, 12 :
x , y , z s y z , y , x ; 18 .  .  .
x , y , z q y , z , x q z , x , y s 0; 19 .  .  .  .
x , u¨ , y s x , u , y ¨ q u x , ¨ , y . 20 .  .  .  .
x , a, b , c , y s x , a, y , b , c q a, x , b , y , c q a, b , x , c, y ; .  .  .  . .  .  .  .
21 .
T x , y , z , t s T y , x , z , t s T z , t , x , y ; 22 .  .  .  .
T x , y , z , t s yT x , z , y , t y T x , t , z , y ; 23 .  .  .  .
T a2 , x , y , z s2 aT a, x , y , z q2 y , z , a, x , a q2 z , y , a, x , a . .  .  . .  . .
24 .
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 .  .  .  .  .LEMMA 3.4. If d x s d y s d z / d t , then T x, y, z, t g GI .`
w xProof. We will work in F X rGI . Consider all possible cases. If`
 .  .  .  .  .  .  .d x s d y s d z s 1 and d t s 0, then, by 13 , 14 , and 22 , we
have
T x , y , z , t s T x , y , t , z s xy , t , z y x y , t , z y y x , t , z s 0. .  .  .  .  .
 .  .  .  .  .Similarly, if d x s d y s d z s 0 and d t s 1, then, in view of 13
 .and 22 , we get
T x , y , z , t s T x , y , t , z s xy , t , z y x y , t , z y y x , t , z s 0. .  .  .  .  .
This completes the proof.
 w x.LEMMA 3.5. cf. 8, Lemma 2 . Modulo I ,`
 :V ' span T a, b , c, d , a, b , . . . , c , a, b , . . . , c  .  .  .k
= d , s, . . . , r : a, b , . . . , c, d , s, . . . , r g X .4 .
 :LEMMA 3.6. For u g V , y g X ,1
 :uy g V q GI .`
w xProof. We will work in F X rGI . Consider all possible cases. First,`
 .suppose that u s T x , x , x , x , where x , x , x , x g X. Note that, by1 2 3 4 1 2 3 4
 .22 and Lemma 3.4, we can assume that either all the x's have the same
 .parity or exactly two of them are even. If d x s 0, i s 1, 2, 3, 4, then, ini
 .view of 15 , we have
T x , x , x , x y s x x , x , x y .  .1 2 3 4 1 2 3 4
y x x , x , x y y x x , x , x y .  .1 2 3 4 2 1 3 4
 :s y x , x , x , x , y y x , x , x , x , y g V . .  . .  .1 2 3 4 2 1 3 4
 .  .For a , a g X , it follows from 14 and 22 that1 2 1
T a a , b , b , b s T b , a a , b , b s 0. .  .1 2 1 2 3 1 1 2 2 3
 .  .Whence, by 14 and 24 , for a, b g X , c, d g X, we get1
T a, a, c, d b ' yT b , a, c, d a .  .
2  :' y 1r2 T b , a , c, d ' 0 mod V . .  .  .
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 .  .  .  :Thus, if d x s d x s 1, then T x , x , x , x y g V q GI . It re-1 2 1 2 3 4 `
 .  .  .  .mains to consider the case d x s d x s 1, d x s d x s 0. Using1 3 2 4
 .  .13 and 15 , we find
T x , x , x , x y s x x , x , x y y x x , x , x y .  .  .1 2 3 4 1 2 3 4 1 2 3 4
y x x , x , x y .2 1 3 4
s 0 y 0 y x x , x , x y s yx x , x , x y .  .2 1 3 4 2 1 3 4
 :q x , x , x , x , y g GI q V . . .2 1 3 4 `
 .  .Next, suppose that u s u , u , u , u , u , u g X, where d x q1 2 3 1 2 3 1
 .  .  .  .  .d x q d x s 1. Note that, by 14 , 18 , and 20 , for x , x , y , y g X ,2 3 1 2 1 2 1
one has
1x , y , x y s e e x , y , x y .  .1 1 2 2 s t s t 1. s 2. t 2.4 1.
s , tgS2
1s ? 2 e e x y x y . s t s t 1. s 2. t 2.4 1.
s , tgS2
1 w xw xs e e x y x y s t s t 1. s 2. t 2.2 1.
s , tgS2
and
e e T x , y , x , y . s t s t 1. s 2. t 2.1.
s , tgS2
s e e yx y , x , y y y x , x , y .  . 4 s t s t 1. s 2. t 2. t 1. s s 2. t 2.1. 1.
s , tgS2
s e e 2 x y x y q y x x y .  . .  . 4 s t s t 1. s 2. t 2. t 1. s s 2. t 2.1. 1.
s , tgS2
w xw xs 3 e e x y x y . s t s t 1. s 2. t 2.1.
s , tgS2
 .So, if d u s 1, i s 1, 2, 3, theni
 :u , u , u y g V q GI . .1 2 3 `
 .  .  .  .Now suppose d u s d u s 0, d u s 1. In view of 16 , the polyno-1 2 3
 .mial u , u , u y is symmetric in u and y. Replacing them with the same1 2 3 3
 .  .odd variable z, we get, by 14 and 18 ,
1 2u , u , z z s yz z , u , u s z , u , u y 2 z z , u , u .  .  . .1 2 2 1 2 1 2 12
1  :s T u , u , z , z g V . .1 22
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Thus
 :a, b , . . . , c y g V q GI . `
for all a, b, . . . , c g X, y g X .1
 . .Finally, for u s x , x , x y , y , y , x , y g X, we have1 2 3 1 2 3 i j
uy s x , x , x , y , y , y , y q x , x , x y , y , y y .  .  .  . .1 2 3 1 2 3 1 2 3 1 2 3
 :g V q GI ,`
whence
 :a, b , . . . , c d , s, . . . , r y g V q GI .  . `
for all a, b, . . . , c, d, s, . . . , r g X, y g X .1
Making use of Lemma 3.5 completes the proof.
 . 4 Denote P s x , . . . , x : x g X ; n s 1, 2, . . . ; P s u¨ : u, ¨ g0 i i i 11 2 nq1
4P ; kP s span P ; kP s span P ; kP s span P j P . Then, from0 0 k 0 1 k 1 k 0 1
Lemmas 3.3, 3.5, and 3.6, we obtain
  .COROLLARY 3.7. UrU l GI s kP q span T x, y, z, t : x, y, z, t g` k
4 w xX q F X .1
LEMMA 3.8. Suppose that, for some p G 2 and q G 1, a graded polyno-
  .mial identity f s 0 with f g span T x , x , x , x : x , x , x , x g X,k 1 2 3 4 1 2 3 4
 4 4  s .x , x , x , x l X / B holds in G B . Then f g GI .1 2 3 4 0 p, 2 q `
 .Proof. Without loss of generality we can assume that f s f x, y, z, t is
a multilinear polynomial. If all variables x, y, z, t are even, then f s 0 is
an ordinary polynomial identity of the three-dimensional Jordan algebra of
 .  .  .a bilinear form B . Then the identity f s 0 follows from 1 , 2 , 6 , and2
  ..one more identity of degree 5 see 3 . Since deg f s 4, we can exclude
the last identity from the list, proving that f g I , and so f g GI . In view` `
 .  .of Lemma 3.4, it only remains to consider the case d x s d y s 0 and
 .  . w xd z s d t s 1. Consider f as an element of F X rGI . It follows from`
 .  .  .  .22 and 23 that f x, y, z, t is a linear combination of T x, z, y, t and
 .  .T x, t, z, y . By 13 we have
T x , z , y , t s xz , y , t y x z , y , t y z x , y , t s yz x , y , t . .  .  .  .  .
 .  .  .  .  .Similarly, using 13 and 22 T x, t, y, z s yt x, y, z ; whence, by 16
 .  .  .and 18 , T x, z, y, t s T x, t, z, y . Thus, for some a g k,
f x , y , z , t s aT x , z , y , t s ya z x , y , t . .  .  .
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Choosing x , y g W  p., z , t g W 2 q., g , g g G , and g , g g G such0 0 0 0 0 1 1 2 0 3 4 1
that
 :  :x , y s z , t s 1, g g g g / 0,0 0 0 0 1 2 3 4
we find
0 s f x m g , y m g , z m g , t m g .0 1 0 2 0 3 0 4
s ya z m g x m g , y m g , t m g .  .0 3 0 1 0 2 0 4
 : :s ya z , t x , y m g g g g0 0 0 0 3 1 2 4
s ya m g g g g s ya m g g g g .3 1 2 4 1 2 3 4
So a s 0. This completes the proof.
Since every T -ideal over an infinite field is generated by those of its2
elements that are homogeneous in each variable involved; we immediately
obtain, by Lemmas 3.5 and 3.8 and Corollary 3.7, the following result.
  s ..PROPOSITION 3.9. For p G 2 and q G 1, the ideal T G B is gener-2 p, 2 q
ated by GI together with the graded polynomial identities of the algebra`
 s . w xG B that belong to the set F X j kP.p, 2 q 1
 .For every a, b g P j X, we define the linear operator L a, b acting on0
 w x.kP as follows cf. 8, 12 :
 .  .a If u s u , u , u g P , then1 2 3 0
1uL a, b s u , a, u , b , u q u , b , u , a, u q u , a, b , u , u .  .  .  .3 1 2 3 1 2 2 3 12
q u , b , a, u , u y u , a, b , u , u y u , b , a, u , u ;4 .  .  .2 3 1 2 1 3 2 1 3
 .  .  .   ..b u¨ L a, b s uL a, b ¨ , where u, ¨ g P ;0
 .  .c The operator L a, b is extended to kP by linearity.
w x  .By 8, Proposition 1 , the operator L a, b is well defined. Also note that,
 .  .  w x.for all a, b g P j X, L a, b s L b, a . It easy to verify cf. 8, 12 that,0
for all u , u , u , ¨ , ¨ g V q V ,1 2 3 1 2 0 1
<x , x , x L y , y .  . x su , y s¨1 2 3 1 2 i i j j
 :  :  :  :s u , u , u ¨ , ¨ s u , u u y u , u u ¨ , ¨ . 25 .  . .1 2 3 1 2 1 2 3 2 3 1 1 2
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 w x.The following identities belong to I cf. 12 :`
x , x , x L a, b y , y , y s x , x , x y , y , y L a, b ; .  .  .  .  .  .1 2 3 1 2 3 1 2 3 1 2 3
26 .
x , y , z L a, b s y z , y , x L a, b ; 27 .  .  .  .  .
x , y , z q y , z , x q z , x , y L a, b s 0; 28 4 .  .  .  .  .
x , y , z , r , s L a, b s x , y , z L a, b , r , s ; 29 .  .  .  .  . .  .
r , x , y , z , s L a, b s r , x , y , z L a, b , s ; 30 .  .  .  .  . .  .
r , s, x , y , z L a, b s r , s, x , y , z L a, b ; 31 .  .  .  .  . .  .
x , y , z , r , s s z , r , s L x , y y x , r , s L y , z ; 32 .  .  .  .  .  . .
r , x , y , z , s s r , z , s L x , y y r , x , s L y , z ; 33 .  .  .  .  .  . .
r , s, x , y , z s r , s, z L x , y y r , s, x L y , z ; 34 .  .  .  .  .  . .
a, b , c L x , y L z , t s a, b , c L z , t L x , y ; 35 .  .  .  .  .  .  .
x , y , z L y , t q x , y , z , y , t s 0. 36 .  .  .  . .
 .  .LEMMA 3.10. For f g kP, a, b g P j X, if d a / d b , then0
 .fL a, b g GI .`
Proof. If suffices to show that, for x, y, z, u , u g X j X , where1 2 0 1
 .  .d u / d u ,1 2
x , y , z L u , u s 0 37 .  .  .1 2
in kP rkP l GI .0 0 `
 .  .  .  .  .  .  .Note that, if d x s d x / d y , then, by 13 , 27 , 32 , and 34 , we1 2
get
1x , y , x L x , x s x , y , x y x , y , x L x , x .  .  .  .  .1 2 1 2 2 12
1s x , x , x , y , x q x , y , x L x , x 4 .  .  . .1 2 2 12
y x , x , x , y , x q x , y , x L x , x 4 .  .  . .2 1 1 2
1s x , y , x L x , x y x , y , x L x , x 4 .  .  .  . 2 1 1 22
1s x , y , x , x , x s 0 . .1 22
 .  .  .  .  .in each of the possible cases: d x s d x , d x / d x . Since L a, b is1 1
symmetric in a, b, we have shown that the graded polynomial identity
x , y , z L a, b s 0, d x s d z / d y , d a s d b , 38 .  .  .  .  .  .  .  .
belongs to GI .`
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 .  .  .In view of 28 , to prove 37 , we need only consider the case d x s
 .  .  .  .  .  .  .d y s d u . If d z s d x , then, by 13 , 36 , and 38 , we have2
x , y , z L u , u s y x , y , z , u , u .  .  . .1 2 1 2
y x , u , z , y , u y x , u , z L y , u .  .  . .1 2 1 2
s y x , u , z L y , u s 0. .  .1 2
 .  .  .  .  .Now suppose that d x s d y s d u / d z . Then it follows from 13 ,2
 .  .32 , and 38 that
x , y , z L u , u s u , u , z , y , z q u , y , z L u , x s 0. .  .  .  .  . .1 2 1 2 1 2
This completes the proof.
PROPOSITION 3.11. Let I be a T -ideal containing GI . Then, for a, b g2 `
P j X,0
I l kP L a, b ; I l kP . .  .
 .  .Proof. If d a / d b , then, by Lemma 3.10,
I l kP L a, b : GI l kP ; I l kP . .  . `
 .  .Let d a s d b . Consider an arbitrary multilinear graded polynomial
 .f x , x , . . . , x g I l kP. If at least one variable among x , x , . . . , x ,1 2 n 1 2 n
w xsay x , has the opposite parity from a and b, then, by 8, Lemma 1 and1
Lemma 3.10,
f x , x , . . . , x L a, b g f a, b , x , x , . . . , x .  .  . .1 2 n 1 2 n
q f a, x , . . . , x L b , x q I .  .2 n 1 `
; f a, b , x , x , . . . , x q GI . .1 2 n `
; I l kP q GI .`
 .  .  .  .So it remains to consider the case d x s d x s ??? s d x s d a s1 2 n
 . w xd b . Using the same line of reasoning as in 8, Lemma 1 completes the
proof.
 .COROLLARY 3.12. If f g GI l kP, then, for a, b g P j X, fL a, b g` 0
GI l kP.`
 .  .  .  .  .  .  .Note that, if d x s d y s d z / d a s d b , then, by 13 , 36 , and
Lemma 3.10, the following identity belong to GI :`
x , y , z , a, b s y x , a, z , y , b y x , y , z L a, b .  .  .  . .  .
y x , a, z L y , b .  .
s y x , y , z L a, b . 39 .  .  .
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 .  .  .From Corollary 3.12, 26 , and 29 ] 34 , we obtain
 w x.COROLLARY 3.13. Cf. 8, Lemma 2 .
kPrkP l GI s span x , y , z L a , b . . . L a , b ; .  .  .` k 1 1 k k
x , y , z x , y , z L a , b ??? L a , b : .  .  .  .1 1 1 2 2 2 1 1 k k
x , y , z , x , y , z , a , b g X .4i i i j j
 . ..LEMMA 3.14. If d x , x , x y , y , y s 1, then1 2 3 1 2 3
x , x , x y , y , y g GI . .  .1 2 3 1 2 3 `
 . .In other words, if x , x , x y , y , y f GI , then the number of odd1 2 3 1 2 3 `
¨ariables, as well as that of e¨en ones among x , x , x , y , y , y , must be1 2 3 1 2 3
e¨en.
 . ..  ..Proof. If d x , x , x y , y , y s 1, then d x , x , x /1 2 3 1 2 3 1 2 3
 ..  .d y , y , y . Making use of 15 completes the proof.1 2 3
 w x.Let cf. 12
1p y , y , y , y , y , y s y , y , y y , y , y .  .  .1 2 3 4 5 6 1 5 3 2 4 62
q y , y , y y , y , y .  .1 6 3 2 4 5
y y , y , y y , y , y q y , y , y . 4 .  .  .1 2 3 4 5 6 4 6 5
 w  .x.Then cf. 12, 1.29 , for u , u , . . . , u g V [ V ,1 2 6 0 1
 :p u , u , u , u , u , u s u , u , u (u u , y .  .1 2 3 4 5 6 1 2 3 4 5 6
 : :  : :  :s u , u u , u y u , u u , u u , u . 41 2 3 4 1 4 2 3 5 6
40 .
 w x.Note that the following polynomial identities lie in I cf. 12 :`
p y , y , y , y , x , x s p y , y , y , y , x , x ; 41 .  .  .1 2 3 4 1 2 1 2 3 4 2 1
p y , y , y , y , x , x L z , z s p y , y , y , y , z , z L x , x ; .  .  .  .1 2 3 4 1 2 1 2 1 2 3 4 1 2 1 2
42 .
y , x , y y , y , x s p y , y , y , x , y , x . 43 .  .  .  .1 2 3 4 1 3 2 4
 .  .  .  . LEMMA 3.15. If d y s d y s d y / d y , then p y , y , y , y ,1 2 3 4 1 2 3 4
.y , y g GI .5 6 `
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Proof. We work in kPrkP l GI . By Lemma 3.14, the number of`
variables of each parity among y , y , y , y , y , and y must be even.1 2 3 4 5 6
 .  .  .  .  .In view of 41 , we can assume that d y s d y and d y s d y s5 4 6 1
 .  .  .d y s d y . So, by 13 , we have2 3
1p y , y , y , y , y , y s y , y , y y , y , y .  .  .1 2 3 4 5 6 1 6 3 2 4 52
y y , y , y y , y , y .4 .  .1 2 3 4 5 6
 .  .  .  .  .  .  .If d y s 0, then, by 19 , 20 , 21 , 13 , 14 , and 15 , we get1
y , y , y y , y , y s y , y , y , y y , y y y , y , y , y , y y .  .  .  . .  .1 6 3 2 4 5 2 1 6 3 4 5 2 1 6 3 5 4
s 0 y y y , y , y , y , y . .4 2 1 6 3 5
s yy y , y , y , y , y y y , y , y , y , y  .  . .  .4 1 2 6 5 3 1 2 3 6 5
y y , y , y , y , y 4 . .2 6 1 5 3
s yy 0 y y , y , y , y , y y 0 4 . .4 1 2 3 6 5
s y y , y , y , y , y . .4 1 2 3 6 5
s y y , y , y , y , y y y , y , y , y , y .  . .  .4 6 1 2 3 5 6 5 1 2 3
s y y , y , y , y , y . .4 6 1 2 3 5
s y , y y , y , y , y y y , y , y y , y , y .  .  . .6 4 1 2 3 5 1 2 3 6 4 5
s y , y , y y , y , y . .  .1 2 3 4 5 6
 .  .  .  .  .  .  .Similarly, if d y s 1, then, from 13 , 14 , 16 , 19 , 20 , and 21 , we1
obtain
y , y , y y , y , y s y , y y , y , y , y y y y , y , y , y , y .  .  .  . .  .1 6 3 2 4 5 1 6 2 4 5 3 6 1 2 4 5 3
s yy y , y , y , y , y . .6 1 2 4 5 3
s yy y , y , y , y , y . .6 1 2 3 4 5
s y y , y , y y , y , y .  .1 2 3 6 4 5
s y , y , y y , y , y , .  .1 2 3 4 5 6
completing the proof.
Let $ be an arbitrary linear order on the set X.
 w x.  .LEMMA 3.16. Cf. 12, Lemma 2.5 . If f x , x , x , . . . g kP is a1 2 3 0
multilinear polynomial of degree 2k q 1, k G 2, which is skew-symmetric in x1
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and x , then it can be represented, modulo I , as a linear combination of the2 `
polynomials of the following form:
 .  .  .  .  .1 x , a, x , b, c L a , b L a , b ??? L a , b , where a, b,1 2 1 1 2 2 ky2 ky2
c, a , b g X, a % b;i i
 .  .  .  .  .2 x , a, x L a , b L a , b ??? L a , b , where a, a , b g X.1 2 1 1 2 2 ky1 ky1 i i
 w x.  .LEMMA 3.17. Cf. 12, Lemma 2.6 . Let f x , x , x , . . . g kP be a1 2 3 1
multilinear polynomial of degree 2k, k G 3, which is skew-symmetric in x1
and x , and let x be any other ¨ariable in¨ol¨ ed. Then f can be represented,2 3
modulo I , as a linear combination of the polynomials of the following form:`
 .  . .  .  .  .1 x , a, x x , b, c L a , b L a , b ??? L a , b , where1 2 3 1 1 2 2 ky3 ky3
a, b, c, a , b g X, a % c;i i
 .  ..  .  .  .2 p x , x , x , a, b, c L a , b L a , b ??? L a , b , where1 3 2 1 1 2 2 ky3 ky3
 4a, b, c, a , b g X, b % max c, a , b , . . . , a , b .i i 1 1 ky3 ky3
Summarizing the section, we note that the problem of finding a basis for
 s .graded polynomial identities of the Jordan algebra G B has beenp, 2 q
w xreduced to that of finding a set of graded polynomial identities in F X j1
  s ..kP that generates T G B rGI . The latter problem will be resolved2 p, 2 q `
in the next two sections with the use of the technique for manipulating
polynomials in kPrkP l GI that we have discussed here.`
4. A BASIS FOR GRADED POLYNOMIAL IDENTITIES
OF THE JORDAN SUPERALGEBRA B s`, `
In this section explicit finite bases for graded polynomial identities of
 s . sthe Z -graded algebras B , G B , and B will be obtained.2 `, ` `, ` `, `
THEOREM 4.1. The ideal of graded polynomial identities of the Z -graded2
 s .Jordan algebras B and G B coincides with GI .`, ` `, ` `
According to Proposition 3.9, to prove Theorem 4.1 it suffices to show
that, for every graded polynomial identity f s 0 of the algebra B with`, `
w xf g F X j kP, f belongs to GI .1 `
 .Consider a graded polynomial identity f x , x , . . . , x s 0 of the alge-1 2 n
bra B such that all of its arguments x , . . . , x lie in X . Then f s 0 is`, ` 1 n 0
an ordinary polynomial identity of the infinite-dimensional Jordan algebra
of a bilinear form B , so that f g I ; GI .` ` `
 .LEMMA 4.2. Let f y , y , . . . , y s 0 be a graded polynomial identity of1 2 n
B , and suppose that all of its arguments y , . . . , y belong to X . Then f lies`, ` 1 n 1
in GI .`
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 . w xProof. Consider a multilinear polynomial f y , . . . , y g F X r1 n 1
w x  .  .  .F X l GI . By 14 , a product yz, where d y s d z s 1, always lies1 `
w xin the center of the algebra F X rGI . So f can be represented in the`
form
 i.  i.  i.  i.  i.  i.  i.f s a y y y y y ??? y y , .  .  . i 0 1 2 3 4 2 my1 2 m
i
 i.  i.  i.  i.  i.  i.  i.  i. 4  4where y , y , y , . . . , y , y s y , . . . , y ; y % y , y %0 1 2 2 my1 2 m 1 n 1 2 3
y  i., . . . , y  i. % y  i. ; and y  i. % y  i. % y  i. % ??? % y  i. % y  i. . To4 2 my1 2 m 1 3 5 2 my3 2 my1
show that a s 0 for each index i , choose nonzero elements u , u ,i 0 0 10
 :u , . . . , u g V such that u , u s d , where d is the Kronecker delta.2 m 1 i j i j i j
Putting
y  i0 . s u , y  i0 . s y  i0 . s u , k s 1, 2, . . . , m ,0 0 k2 ky1 2 k
in the identity f s 0, we get a u s 0, and so a s 0. This completes thei 0 i0 0
proof.
Therefore we need only show that, for each graded polynomial f g
kPrkP l GI that contains both even and odd variables, the graded`
identity f s 0 holds in B if and only if f is a zero polynomial.`, `
 .In view of 13 , every third degree graded multilinear polynomial
 .  .  .  .f x, y, z g kPrkP l GI with d x s d y / d z must be a scalar multi-`
 .ple of the associator x, y, z ; that is,
f x , y , z s a x , y , z .  .
 .for some a g k. Since a graded identity a x, y, z s 0 holds in B if and`, `
only if a s 0, all third-degree graded polynomial identities of B belong`, `
to GI .`
It is clear that if a multilinear graded polynomial f x , x , . . . ,1 2
.x , y , . . . , y , where x , x , . . . , x g X and y , . . . , y g X , is symmet-n 1 m 1 2 n 0 1 m 1
ric in all even variables as well as in all odd ones, then the graded
 . polynomial identities f x , x , . . . , x , y , . . . , y s 0 and f x, x, . . . , x,1 2 n 1 m
.y, . . . , y s 0, where x g X and y g X are equivalent. Let us consider a0 1
 .homogeneous graded polynomial g x, y g kP, x g X , y g X , of degree0 1
 .G5. If g g kP , then, by 27 , Lemma 3.10, and Corollary 3.13, g is0
equivalent modulo GI to a scalar multiple of one of the following`
polynomials:
 .  .  .m  .ni x, x, y L x, x L y, y
 .  .  .m  .nii x, y, y L x, x L y, y .
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 :  :Take u g V and u g V such that u , u s 1 and u , u s 1. Then,0 0 1 1 0 0 1 1
 .by 25 , we get
m n mq1 n :  :u , u , u L u , u L u , u s u u , u u , u s u ; .  .  .0 0 1 0 0 1 1 1 0 0 1 1 1
m n m nq1 :  :u , u , u L u , u L u , u s yu u , u u , u s yu . .  .  .0 1 1 0 0 1 1 0 0 0 1 1 0
So the graded polynomial identity g s 0 holds in B if and only if`, `
g g GI .`
 .Now let g g kP . Then, by 27 , Lemma 3.10, and Corollary 3.13, g is1
equivalent modulo Gi to a linear combination of polynomials of the form`
 .  . .  .m  .nq1  . .  .mq 1i x, x, y x, x, y L x, x L y, y ; x, y, y x, y, y L x, x
 .nL y, y ;
 .  . .  .m  .nii x, x, y x, y, y L x, x L y, y .
 .  .Note that, in view of 15 and 26 ,
m n
x , y , y x , x , y L x , x L y , y .  .  .  .
m ns x , y , y x , x , y L x , x L y , y s 0. .  .  .  . 4
 .  .  .  .We also have, by 20 , 15 , 27 , 33 , and Lemma 3.10,
x , x , y x , x , y L y , y s x , x , y L y , y x , x , y 4 .  .  .  .  .  .
s x , y , y , x , y x , x , y .  . .
s y x , x , x , y , y y , y , x .  . .
s y x , y , y y , y , x L x , x .  .  .
s x , y , y x , y , y L x , x . .  .  .
So g is a scalar multiple of a polynomial of the form
 .  . .  .ma x, x, y x, x, y L x, x ;
 .  . .  .m  .nb x, y, y x, y, y L x, x L y, y .
 .Taking u g V and u g V as above and applying 25 , we have0 0 1 1
m mq2 :  :u , u , u u , u , u L u , u s u , u u , u s 1; .  .  .0 0 1 0 0 1 0 0 0 0 1 1
m n
u , u , u u , u , u L u , u L u , u .  .  .  .0 1 1 0 1 1 0 0 1 1
 :mq 1 :nq2s u , u u , u s 1,0 0 1 1
which proves that the identity g s 0 holds in B if and only if g g GI .`, ` `
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As follows from the representation theory of the symmetric group cf.
w x.25, 26 , it only remains to study the multilinear graded polynomial
identities of B that are skew-symmetric in two variables x and x with`, ` 1 2
 .  .d x s d x .1 2
 .Consider a multilinear graded polynomial f x , x , x , . . . g kPrkP l1 2 3
 .  .GI which is skew-symmetric in x , x with d x s d x . We will show` 1 2 1 2
that if the identity f s 0 holds in B then f is a zero polynomial.`, `
If deg f s 2k q 1, where k G 2, then, by Lemma 3.16, f can be repre-
sented in the form
f s a x , a i. , x , b i. , c i. L a i. , b i. L a i. , b i. ??? L a i. , b i. .  .  .  . i 1 2 1 1 2 2 ky2 ky2
i
q b x , a j. , x L a j. , b j. L a j. , b j. ??? L a j. , b j. , .  .  .  . j 1 2 1 1 2 2 ky1 ky1
j
 i.  i.  .where a % b . In view of 13 , Lemma 3.10, and Corollary 3.12,
  i..   j..  .   i..   i..   j..   j..   i..d a s d a s d x , d a s d b , and d a s d b . If d c s1 l l l l
 .   i..  .d x / d b , then, by 13 ,1
x , a i. , x , b i. , c i. s 0. . .1 2
  i..   i..  .  .Also note that, if d b s d c / d x , then it follows from 39 that1
x , a i. , x , b i. , c i. s y x , a i. , x L b i. , c i. . . .  .1 2 1 2
  i..   i..  .So we can assume that, for all i, either d b s d c s d x or1
  i..  .   i..d b s d x / d c . If the number of the arguments of f that have1
the same parity as x and x is even, then1 2
f s a x , a i. , x , b i. , c i. L a i. , b i. L a i. , b i. ??? L a i. , b i. , .  .  .  . i 1 2 1 1 2 2 ky2 ky2
i
 i.  i.  .   i..  .   i..   i..where a % b and d x s d a s d x s d b / d c . To show1 2
that all coefficients a are zeros, choose, for any index i , an orthonormali 0
set of vectors e , e , e , . . . , e g V j V such that1 2 3 kq1 0 1
d e s d e s d x ; .  .  .1 2 1
d e / d x ; .  .3 1
d e s d a i0 . , l s 1, 2, . . . , k y 2. .  .3q l l
Setting
x s a i0 . s e ;1 1
x s b i0 . s e ;2 2
c i0 . s e ;3
a i0 . s b i0 . s e , l s 1, 2, . . . , k y 2;l l 3ql
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in the identity f s 0, we get
 :  :0 s a e , e , e , e , e e , e ??? e , e s a e , .i 1 1 2 2 3 4 4 kq1 kq1 i 30 0
whence a s 0, as required. If the number of arguments of f that havei0
the same parity as x and x is odd, then1 2
f s a x , a i. , x , b i. , c i. L a i. , b i. L a i. , b i. ??? L a i. , b i. .  .  .  . i 1 2 1 1 2 2 ky2 ky2
i
q b x , a j. , x L a j. , b j. L a j. , b j. ??? L a j. , b j. , .  .  .  . j 1 2 1 1 2 2 ky1 ky1
j
 .   i..  .   i..   i..  .   j..where d x s d a s d x s d b s d c and d x s d a s1 2 1
 .d x . Now the inclusion f g GI immediately follows from Lemma 4.3.2 `
LEMMA 4.3. Suppose that a multilinear graded polynomial g x ,1
.  .  .  .  .x , . . . , x , y , . . . , y with d x s d x s ??? s d x / d y s ???2 n 1 2 m 1 2 n 1
 .s d y can be represented in the form2 m
g s g x , x , . . . , x L y  i. , y  i. L y  i. y  i. ??? L y  i. , y  i. , .  .  .  . i 1 2 n 1 2 3 4 2 my1 2 m
i
where g g kP. If the identity g s 0 holds in B , then g g GI .i `, ` `
 :Proof. Choose u , . . . , ¨ g V such that u , u s d . Then, for1 m d y . i j i j1
any vectors ¨ , ¨ , . . . , ¨ g V and fixed index i , putting1 2 n d x . 01
x s ¨ , y  i0 . s y  i0 . s ui i j2 jy1 2 j
in the identity f s 0, we get
 :  :0 s g ¨ , . . . , ¨ u , u . . . u , u s g ¨ , . . . , ¨ . .  .i 1 n 1 1 m m i 1 n0 0
 .It follows that g x , . . . , x s 0 is a graded polynomial identity of Bi 1 n `, `0
with all its arguments having the same parity; whence, as shown above,
g g GI . Therefore, g g GI , completing the proof of the lemma.i ` `0
Continue the proof of Theorem 4.1. If deg f s 2k, where k G 3, then,
by Lemma 3.17, f can be represented as a linear combination of polyno-
mial of the form
x , a, x b , c, d L a , b L a , b ??? L a , b . .  .  .  .  .1 2 1 1 2 2 ky3 ky3
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 .It follows from 13 that there is at least one variable x in f , different3
 .  .  .from x and x , such that d x s d x s d x . So, applying Lemma1 2 3 1 2
3.17 again, we can express f as
f s a x , a i. , x x , b i. , c i. L a i. , b i. .  .  . i 1 2 3 1 1
i
= L a i. , b i. ??? L a i. , b i. .  .2 2 ky3 ky3
q b p x , x , x , a j. , b j. , c j. L a j. , b j. .  . j 1 3 2 1 1
j
= L a j. , b j. ??? L a j. , b j. , .  .2 2 ky3 ky3
 .   i..  .   j..where, by 13 and Lemmas 3.10, 3.14, and 3.15, d a s d x , d a s1
 .   i..   i..   j..   j..   i..   i..   j..d x , d b s d c , d b s d c , d a s d b , and d a s1 l l l
  j..   i..   i..  .  .  .d b . If d b s d c / d x , then, from 13 , 43 , and Lemma 3.15,l 1
we get
x , a i. , x x , b i. , c i. s x , a i. , x x , b i. , c i. .  .  .  .1 2 3 1 2 3
q x , c i. , x x , b i. , a i. .  .1 2 3
s p x , x , x , a i. , b i. , c i. .1 3 2
q p x , x , x , c i. , b i. , a i. .1 3 2
s p x , x , x , a i. , b i. , c i. . .1 3 2
Thus we need only consider the case
d x s d a i. s d x s d x s d b i. s d c i. . .  .  .  .  .  .1 2 3
If the number of variables in f that have the same parity as x is no1
 .   j..less than six, then, in view of 42 , we can assume that, for all j, d b s
  j..  .d c s d x ; whence, by Lemma 4.3, f g GI . Now suppose that the1 `
number of the variables in f that have the same parity as x is four. Then1
f s b p x , x , x , a j. , b j. , c j. L a j. , b j. .  . j 1 3 2 1 1
j
= L a j. , b j. ??? L a j. , b j. , .  .2 2 ky3 ky3
  j..  .   j..   j..  .  .where d a s d x , d b s d c / d x , and, in view of 41 and1 1
 .42 ,
b j. % max c j. , a j. , b j. , a j. , b j. , . . . , a j. , b j. . 41 1 2 2 ky3 ky3
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To show that all coefficients b are zeros, choose an orthonormal set ofj
vectors e , e , e , . . . , e g V j V such that1 2 3 k 0 1
d e s d e s d x ; .  .  .1 2 1
d e / d x , l s 1, 2, . . . , k y 2. .  .2q l 1
Put, for any fixed index j ,0
x s x s e ;1 3 1
x s a j0 . s e ;2 2
b j0 . s c j0 . s e ;3
a j0 . s b j0 . s e , l s 1, 2, . . . , k y 3;l l 3ql
 .  .in the identity f s 0. Then, by 25 and 40 , we get
 :  :0 s b p e , e , e , e , e , e e , e ??? e , e s b , .j 1 1 2 2 3 3 4 4 k k j0 0
as required. This completes the proof of Theorem 4.1.
 .  .  .  .COROLLARY 4.4. The graded identities 1 and 2 along with 13 ] 16
form a basis for the graded polynomial identities of the graded Jordan algebras
 s .B , and G B .`, ` `, `
It immediately follows from Corollary 1.2, that we have also established
 .  .THEOREM 4.5. The superizations of the identities 1 and 2 along with
 .  .  .13 ] 15 and 17 form a basis for the graded polynomial identities of the
Jordan superalgebra B s .`, `
5. A BASIS FOR GRADED POLYNOMIAL IDENTITIES
OF THE JORDAN SUPERALGEBRA B s WITH Ap, 2 q
FINITE INDEX
In this section we will fine some graded polynomial identities which
 s .  s .along with T B generate T B , where either p - ` or q - `.2 `, ` 2 p, 2 q
Consider a Jordan superalgebra B s with p, q - `. Denote byp, 2 q
 .E p q 1 the set of all multilinear graded polynomials of the form
g s e x , x , . . . , x , y , y , . . . . .1 s s 1. s 2. s  pq1. 1 2
sgSpq1
 .  .  . where d x s d x s ??? s d x s 0 and f x , x , . . . ,1 2 pq 1 1 2
.  .x , y , y , . . . g kP. Denote by O 2 q q 1 the set of all multilinearpq1 1 2
graded polynomials of the form
g s e x , x , . . . , x , y , y , . . . . .2 t t 1. t 2. t 2 qq1. 1 2
tgS2 qq1
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 .  .  . where d x s d x s ??? s d x s 1 and f x , x , . . . ,1 2 2 qq 1 1 2
. w xx , y , y , . . . g F X j kP. It is not difficult to understand that, for2 qq1 1 2 1
 .  .every g g E p q 1 j O 2 q q 1 , the graded polynomial identity g s 0
holds in B s .p, 2 q
Since the characteristic of the basic field is zero, then it follows from
  s ..Proposition 3.9 that the ideal T G B can be generated, modulo2 p, 2 q
  s ..T G B , by some family of multilinear graded polynomials that belong2 `, `
w x w xto F X j kP. It is easy to see that, for every f g F X j kP, the1 1
w xsuperization f * also belongs to F X j kP. So, by Corollary 1.2, the ideal1
 s .  s .T B can be generated, modulo T B , by some family of multilin-2 p, 2 q 2 `, `
w xear graded polynomials that belong to F X j kP too. As follows from1
 w x.the representation theory of the symmetric group cf. 25, 26 , each
w xmultilinear graded polynomial identity g s 0 with g g F X j kP is1
 .  .equivalent, modulo E p q 1 j O 2 q q 1 , to a number of homogeneous
w xgraded polynomial identities each belonging to F X j kP and involving1
no more than p even and 2 q odd arguments.
LEMMA 5.1. If the elements a , . . . , a g W  p. and b , . . . , b g W 2 q.1 n 0 1 2 m 1
in B s satisfy the conditionp, 2 q
5 :5 5 :5rank a , a s n , rank b , b s 2m;i j r t
 4then the subalgebra B generated by the set 1, a , . . . , a , b , . . . , b is1 n 1 2 m
isomorphic to the algebra B s .n, 2 m
s  4Proof. Since, for all a, b g B , ab g span 1, a, b we havep, 2 q k
Ä ÄB s k q W q W ,0 1
Ä Ä Ä 4  4where W s span a , . . . , a and W s span b , . . . , b with dim W s0 k 1 n 1 k 1 2 m 0
Ä  : <n, dim W s 2m, and the form x, y being nondegenerate. ThisÄ ÄW qW1 0 1
completes the proof.
 4 w 4PROPOSITION 5.2. Let f x , . . . , x , y , . . . , y g F X j kP be a ho-1 n 1 2 m 1
mogeneous graded polynomial in mo more than n e¨en and 2m odd ¨ariables.
If f s 0 is a graded identity of the Jordan superalgebra B s , then it is also ann, 2 m
identity of B s .`, `
Proof. Consider, for every n F p - ` and m F q - `, the set of alge-
braically independent elements
T s t ; t ; . . . : t ; t ; . . . ;t ; t ; . . . ; t ; 1, 1 1, 2 1, p 2, 1 2, p 3, 1 n , p
s ; . . . ; s ; s ; . . . ; s .41, 1 1, 2 q 2, 1 2 m , 2 q
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w x  .Let k T be the polynomial algebra in T and let k T be its fraction field.
In B s , find standard bases e , . . . , e and u , ¨ , u , ¨ , . . . , u , ¨ for thep, 2 q 1 p 1 1 2 2 q q
vector spaces W  p. and W 2 q. respectively, i.e.,0 1
 :e , e s d , i , j s 1, 2, . . . , p;i j i j
 :  :  :u , u s ¨ , ¨ s 0, u , ¨ s d , l , r s 1, 2, . . . , q.l r l r l r l r
s  .Now consider in the Jordan superalgebra B m k T the elementsp, 2 q k
p q
a s t e , b s s u q s ¨ , . j j , i i l l , 2 ry1 r l , 2 r r
is1 rs1
where j s 1, 2, . . . , n, l s 1, 2, . . . , 2m. Let
5 :5 5 :5w x w xh T s det a , a g k T ; h T s det b , b g k T . .  .1 1 j 2 l r
It is easy to see that, when t s d and s s d , we have h s 1 andi, j i j l, r l r 1
 .  .h s 1. So h T / 0 and h T / 0. It follows from Lemma 5.1 that the2 1 2
 . sk T -subalgebra generated by 1, a 's and b 's is isomorphic to B mi l n, 2 m k
 . w x s  .k T . By 2, Theorem 1.6 , the graded identity f s 0 holds in B m k T ,n, 2 m k
 .and so f a , . . . , a , b , . . . , b s 0. It immediately follows that1 n 1 2 m
f w 0. , w 0. , . . . , w 0. , w 1. , . . . , w 1. s 0 .1 2 n 1 2 m
0. 0. 0.  p. 1. 1. 2 q. w xfor all w , w , . . . , w g W , w , . . . , w g W . Since f g F X j1 2 n 0 1 2 m 1 1
kP, f s 0 is a graded polynomial identity of the algebra B s . It onlyp, 2 q
remains to note that, for all u , u , . . . , u g k q W `. and ¨ , ¨ , . . . ,1 2 n 0 1 2
¨ g W `., the Z -graded subalgebra generated by these elements in B s2 m 1 2 `, `
can always be isomorphically embedded into a Jordan superalgebra of the
form B s , where p and q are sufficiently large. This completes the proof.p, 2 q
 s .  .  .COROLLARY 5.3. The set T B j E p q 1 j O 2 q q 1 generates2 `, `
 s .the ideal T B , where p, q - `.2 p, 2 q
 s .  .COROLLARY 5.4. The set T B j E p q 1 generates the ideal2 `, `
 s .T B , where p - `.2 p, `
Proof. Let a graded polynomial identity g s 0 hold in B s , and letp, `
n s deg g. Take any positive integer q with 2 q q 1 ) n. Since B s canp, 2 q
be naturally embedded into B s , then g s 0 also holds in B s , so that,p, ` p, 2 q
in view of Corollary 5.3,
g g T B s q IE p q 1 q IO 2 q q 1 , .  . .2 ` , `
 .  .  .where IE p q 1 and IO 2 q q 1 are the T -ideals generated by E p q 12
 .and O 2 q q 1 , respectively. Note that each T -ideal I over an infinite2
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 w x.field is homogeneous cf. 2 , i.e., for every element a g I, the ideal I also
contains all homogeneous summands of a and that each homogeneous
 .polynomial in IO 2 q q 1 has degree strictly greater than n. So,
g g T B s q IE p q 1 , . .2 ` , `
as required.
Similar arguments lead us to the following.
 s .  .COROLLARY 5.5. The set T B j O 2 q q 1 generates the ideal2 `, `
 s .T B , where q - `.2 `, 2 q
Consider a multilinear graded polynomial
g x , . . . , x , y , . . . s e f x , . . . , x , y , . . . , .  .1 pq1 1 s s 1. s  pq1. 1
sgSpq1
 .  .  .where f x , . . . , x , y , . . . g kP and d x s ??? s d x s 0. It is1 pq1 1 1 pq1
 .  .easy to see that g belongs to E p q 1 if and only if g* g E p q 1 .
PROPOSITION 5.6. E¨ery multilinear graded polynomial identity g s 0 with
 .g g E p q 1 follows, modulo GI , from the graded identity`
e x , y , x , y , x , . . . , y , x s 0, 44 .  . s s 1. 1 s 2. 2 s 3. p s  pq1.
sgSpq1
 .  .  .  .  .where d x s d x s ??? s d x s d y s . . . s d y s 0.1 2 pq1 1 p
Proof. Consider a multilinear graded polynomial
g x , . . . , x , y , . . . s e f x , . . . , x , y , . . . , .  .1 pq1 1 s s 1. s  pq1. 1
sgSpq1
 .  .  .where f x , . . . , x , y , . . . g kPrkP l GI , d x s d x s ??? s1 pq1 1 ` 1 2
 .  .d x s 0, p G 2. Replacing, if necessary, f x , . . . , x , y , . . . withpq1 1 pq1 1
1 f x , x , x , . . . , x , y , . . . y f x , x , x , . . . , x , y , . . . , .  .1 2 3 pq1 1 2 1 3 pq1 12
we can assume that f is skew-symmetric in x and x . If the degree of f is1 2
odd, then, by Lemma 3.16, f can be represented in the form
f s a x , a i. , x , b i. , c i. L a i. , b i. ??? L a i. , b i. .  .  . . 1 1 2 1 1 k k
i
q b x , a j. , x L a j. , b j. ??? L a j. , b j. , .  .  . j 1 2 1 1 kq1 kq1
j
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 .   i..   j..  .  .where, by 13 and Lemma 3.10, d a s d a s d x s d x s 0,1 2
  i..   i..   j..   j..d a s d b , and d a s d b . In view of the following gradeds s s s
 w  .  .  .x.identities, which belong to I cf. 12, 1.12 , 1.25 , 3.4 ,`
e x , x , x s 0; . s s 1. s 2. s 3.
sgS3
e x , a, x , x , x s 0; . . s s 1. s 2. s 3. s 4.
sgS4
e x , a, x , x , c s 2 e x , x , c L x , a .  .  . . s s 1. s 2. s 3. s s 2. s 3. s 1.
sgS sgS3 3
s e x , c, x L x , a ; .  . s s 2. s 3. s 1.
sgS3
e x , a, x , b , x s 2 e x , b , x L x , a ; .  . . . s s 1. s 2. s 3. s s 2. s 3. s 1.
sgS sgS3 3
 i.  i.  i.  j.  4we need only consider the case a , b , c , a f x , x , . . . , x for all1 2 pq1
i and j. Then
g s e f x , . . . , x , y , . . . . s s 1. s  pq1. 1
sgSpq1
s a e x , a i. , x , b i. , c i. L x , y  i. .  .   /i s s 1. s 2. s 3. 3
i sgSpq1
= L x , y  i. ??? L x , y  i. ??? L c i. , d i. ??? . .  .s 4. 4 s  pq1. pq1 l l
q b e x , a j. , x L x , y  j. .  . j s 1 2 s 3. 3
j sgSpq1
= L x , y  j. ??? L x , y  j. ??? L c j. , d j. ??? . . .  .s 4. 4 s  pq1. pq1 l l
 .Note that, in view of 29 ,
e x , a, x , b , c L x , y ??? L x , y .  .  . . s s 1. s 2. s 3. 3 s  pq1. pq1
sgSpq1
s e x , a, x L x , y ??? .  . s s 1. s 2. s 3. 3
sgSpq1
L x , y , b , c , . .s  pq1. pq1
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whence, by Proposition 3.11, the graded polynomial identity g s 0 follows,
modulo GI , from the identity`
e x , y , x L x , y L x , y ??? .  .  . s s 1. 2 s 2. s 3. 3 s 4. 4
sgSpq1
L x , y s 0, 45 .  .s  pq1. pq1
 .  .  .where d y s d y s ??? s d y s 0.2 3 pq1
Now let the degree of f be even. Then, by Lemma 3.17, f can be
represented as
f s a x , a i. , x x , b i. , c i. L a i. , b i. ??? L a i. , b i. , .  .  .  . i 1 2 3 1 1 k k
i
 .  i.   i..   i..where, by 13 and Lemmas 3.10 and 3.14, a g X , d b s d c , and0
  i..   i..d a s d b . Note that in B , for any u , u , u , ¨ g V and w , w gs s `, ` 1 2 3 0 1 2
V , we have1
e u , ¨ , u u , w , w .  . s s 1. s 2. s 3. 1 2
sgS3
 : : :s y e u , ¨ u , u w , w s 0; s s 1. s 2. s 3. 1 2
sgS3
that is, the graded polynomial identity
e x , a, x x , b , c s 0, .  . s s 1. s 2. s 3.
sgS3
 .  .  .  .  .  .where d x s d x s d x s d a s 0, d b s d c s 1, holds in B ,1 2 3 `, `
and so it belongs to GI . Thus, by Corollary 3.12, we need only consider`
  i..   i..the case d b s d c s 0 for all i. Then
g s e x , . . . , x , y , . . . . s s 1. s  pq1. 1
sgSpq1
s a e x , a i. , x x , b i. , c i. L x , y  i. .  .  . i s s 1. s 2. s 3. s 4. 4
i sgSpq1
= L x , y  i. ??? L x , y  i. ??? L c i. , d i. . . . , . .  .s 5. 5 s  pq1. pq1 l k
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  i..   i..   i..   i..   i. .where d a s d b s d c s d y s ??? s d y s 0. By Propo-4 pq1
sition 3.11, the graded polynomial identity g s 0 follows, modulo GI ,`
from
e x , a, x x , b , c L x , y .  . . s s 1. s 2. s 3. s 4. 4
sgSpq1
= L x , y ??? L x , y s 0, 46 .  .  .s 5. 5 s  pq1. pq1
where all the arguments are even. It is easy to see that, considered as
 .  .ordinary identities, both 45 and 46 hold in the Jordan algebra of a
 .  .  .bilinear form B and, therefore, follow from 1 , 2 , and 3 with n s p.p
 .  .  .Since the graded polynomial identities 44 , 45 , and 46 involve only even
 .  .variables, we can conclude that the graded identities 45 and 46 follow
 .from 44 modulo I . This completes the proof.`
 s .  .COROLLARY 5.7. The T -ideal generated by T B and E p q 1 coin-2 2 `, `
 s .  .cides with the one generated by T B and 44 .2 `, `
 .Proof. Since the identity 44 is its own superization, the result immedi-
ately follows from Proposition 1.1, Corollaries 1.2 and 2.2, Theorem 4.1,
and Proposition 5.6.
Let x , . . . , x g X . For a multilinear graded polynomial f x , . . . ,1 2 qq1 1 1
. w xx , y , . . . in F X j kP, we set2 qq1 1 1
sym f s f x , . . . , x , y , . . . . .2 qq1 s 1. s 2 qq1. 1
sgS2 qq1
The graded polynomial sym f will be called a sym -polynomial. It is2 qq1 2 qq1
easy to see that the superization of every sym -polynomial belongs to2 qq1
 .O 2 q q 1 and, conversely, if
g s e f x , . . . , x , y , . . . . s s 1. s 2 qq1. 1
sgS2 qq1
for some multilinear graded polynomial f , then g* is a sym -poly-2 qq1
nomial.
PROPOSITION 5.8. E¨ery sym -polynomial identity g s 0 follows,2 qq1
modulo GI , from`




 .Proof. Denote by I the T -ideal generated by GI and 47 . We will2 `
w xshow that sym f g I for every f g F X j kP. First consider a poly-2 qq1 1
w x w x  . w xnomial f g F X rF X l I. In view of 14 , for any g , g g F X , the1 1 1 2 1
w xproduct g g always belongs to the center of the algebra F X rI. Hence,1 2
it follows that f can be represented as a linear combination of the
monomials
x x x x ??? x x x y ??? x y .  .  .  .  . t 1. t 2. t 3. t 4. t 2 ky1. t 2 k . t 2 kq1. j t 2 q. j1 2qyk .
=x h z , . . . , z , .4t 2 qq1. 1 s
 . w xwhere t g S , h z , . . . , z g F X . So the polynomial sym f be-2 qq1 1 s 1 2 qq1
longs to the ideal generated by sym -polynomials of the form:2 qq1
g s x x ??? x x .  . s 1. s 2. s 2 ky1. s 2 k .
sgS2 qq1
= x y ??? x y x . 48 .  . .s 2 kq1. j s 2 q. j s 2 qq1.1 2qyk .
If k / q, then setting z s x , z s x , . . . , z s x , z s y , we1 1 2 2 2 qq1 2 qq1 2 qq2 j1
have
z z ??? z z z z .  .  . t 1. t 2. t 2 ky1. t 2 k . t 2 kq1. t 2 kq2.
tgS2 qq2
= z y ??? z y z .  .t 2 kq3. j t 2 qq1. j t 2 qq2.2 2qyk .
2 q
s 2k q 2 g q x x ??? x x .  .  .  s 1. s 2. s 2 ky1. s 2 k .
ns2 kq2 sgS2 qq1
= x x x y ??? x y y y .  .  .  .s 2 kq1. s n. s 2 kq2. j s ny1. j j j2 ny2 ky1 1 ny2 k
x= x y ??? x y x .  .s nq1. j s 2 q. j s 2 qq1.ny 2 kq1 2qyk .
q x x ??? x x .  . s 1. s 2. s 2 ky1. s 2 k .
sgS2 qq1
= x x x y ??? x y y . 49 .  .  . .s 2 kq1. s 2 qq1. s 2 kq2. j s 2 q. j j2 2qyk . 1
It is easy to see that the polynomial in the left-hand side, as well as all the
 .summands but the first one in the right-hand side of 49 follow from
sym -polynomials whose degrees are less than that of g. By induction2 qq1
on the degree of g, we establish that all the sym -polynomials contain-2 qq1
ing only odd arguments belong to I.
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Now consider f g kP rkP l I. By Corollary 3.13, f can be represented0 0
in the form:
f s a x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. . .  .  . i 1 1 k k
i
  i.  i.  i.4Note that, if x , y , z l X s B, then0
x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. .  .  .1 1 k k
s h x , x , . . . , x , z , . . . L c , d ??? L c , d , .  .  .1 2 2 qq1 1 1 1 s s
 . w xwhere h x , x , . . . , x , z , . . . g F X l kP and c , d , . . . , c , d g1 2 2 qq1 1 1 0 1 1 s s
X . So, by Proposition 3.11, we get0
sym x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. 4 .  .  .2 qq1 1 1 k k
s sym h L c , d ??? L c , d 4  .  .2 qq1 1 1 s s
g kP l I L c , d ??? L c , d : kP l I. .  .  .1 1 s s
 i.  .Thus we can assume that, for all i, z g X . It follows from 25 that, for0
all u , u , u g V j V , ¨ , ¨ g V ,1 2 3 0 1 1 2 1
 :u , u , u L ¨ , ¨ s u , u , u ¨ , ¨ s u , u , u ¨ ¨ . .  .  .  .  .1 2 3 1 2 1 2 3 1 2 1 2 3 1 2
From Theorem 4.1 we infer that the graded polynomial identity
x , y , z L a, b s x , y , z ab , 50 .  .  .  .  .
 .  .where d a s d b s 1, belongs to the ideal GI . Similarly, the graded`
polynomial identity
a , b , x L a , b s a , b , x L a , b , 51 .  .  .  .  .1 1 2 2 2 2 1 1
 .  .  .  .  .where d a s d b s d a s d b / d x , also lies in GI . It follows1 1 2 2 `
 .  i.  i.  4from 51 that, if both x and y belong to x , . . . , x , then1 2 qq1
sym x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. 4 .  .  .2 qq1 1 1 k k
s x , x , z  i. L x , x ??? L x , x .  . . s 1. s 2. s 3. s 4. s 2 ky1. s 2 k .
sgS2 qq1
= L x , y ??? L x , y ??? L c , d ??? .  . .s 2 kq1. j s 2 qq1. j r r1 2qyk .q 1
s x , y , z  i. L x , x ??? .  .s 2 kq1. j s 3. s 4.1
sgS2 qq1
L x , x L x , x .  .s 2 ky1. s 2 k . s 1. s 2.
= L x , y ??? L x , y ??? L c , d ??? . .  . .s 2 kq2. j s 2 qq1. j r r2 2qyk .q 1
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 i.  4  i.  4So we need only consider y f x , . . . , x . Let x g x , . . . , x .1 2 qq1 1 2 qq1
 .  .Then from 35 and 50 we get
sym x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. 4 .  .  .2 qq1 1 1 k k
s x , y  i. , z  i. L x , x ??? L x , x .  . . s 1. s 2. s 3. s 2 k . s 2 kq1.
sgS2 qq1
=L x , y ??? L x , y ??? L c , d ??? .  . . 4s 2 kq2. j s 2 qq1. j r r1 2qyk .
 i.  i.s x , y , z ??? L c , d ??? . . s 1. r r
sgS2 qq1
= L x , x ??? L x , x .  . s 2. s 3. s 2 k . s 2 kq1.
=L x , y ??? L x y .  . 4s 2 kq2. j s 2 qq1. j1 2qyk .
s h x , z , . . . , z L x , x ??? L x , x .  .  . s 1. 1 t s 2. s 3. s 2 k . s 2 kq1.
sgS2 qq1
= L x , y ??? L x , y .  .s 2 kq2. j s 2 qq1. j1 2qyk .
s h x , z , . . . , z x x ??? x x .  .  . s 1. 1 t s 2. s 3. s 2 k . s 2 kq1.
sgS2 qq1
= x y ??? x y .  .s 2 kq2. j s 2 qq1. j1 2qyk .
s h x x x ??? x x .  .  s 1. s 2. s 3. s 2 k . s 2 kq1.
sgS2 qq1
= x y ??? x y , z , . . . , z .  . /s 2 kq2. j s 2 qq1. j 1 t1 2qyk .
 .for some h x , z , . . . , z g kP rkP l GI . The last sym -polynomial1 1 t 0 0 ` 2 qq1
 .follows from 48 , so that
sym x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. g I. 52 . 4 .  .  .2 qq1 1 1 k k
 .  i.  4Using the same arguments, we can prove 52 when x f x , . . . , x .1 2 qq1
It remains to consider the case f g kP rkP l I. By Corollary 3.13, f1 1
can be represented in the form
f s a x  i. , y  i. , z  i. x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. . .  .  .  . i 1 1 1 2 2 2 1 1 k k
i
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  i.  i.  i.4  4  .Note that, if x , y , z l x , . . . , x s B. then it follows from 261 1 1 1 2 qq1
that
sym x  i. , y  i. , z  i. x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. 4 .  .  .  .2 qq1 1 1 1 2 2 2 1 1 k k
 i.  i.  i.  i.  i.  i.s x , y , z sym x , y , z .  .1 1 1 2 qq1 2 2 2
 i.  i.  i.  i.=L a , b ??? L a , b g I.4 .  .1 1 k k
 i.  i.  4So we can assume that x , x g x , . . . , x . It can be easily verified1 2 1 2 qq1
that the graded polynomial identities hold in B ,`, `
x , a , b x , a , b L y , y s y , a , b y , a , b L x , x , .  .  .  .  .  .1 1 1 2 2 2 1 2 1 1 1 2 2 2 1 2
53 .
 .  .  .  .  .  .  .where d x s d x s d y s d y s 1, d a s d b s d a s1 2 1 2 1 1 2
 .d b s 0;2
x , y , z x , a, b s x , x , a y , z , b y x , y , a z , x , b , .  .  .  .  .  .1 1 1 2 1 2 1 1 1 1 1 2
54 .
 .  .  .  .  .  .where d x s d x s d y s d z s 1, d a s d b s 0. So both of1 2 1 1
  i.  i.  i.  i.4them belong to GI . We need only consider the case y , z , y , z l` 1 1 2 2
 i.  i.  i.  i.  .  .X / B. If all of y , z , y , z belong to X , then, by 35 and 53 , we0 1 1 2 2 0
have
sym x  i. , y  i. , z  i. x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. 4 .  .  .  .2 qq1 1 1 1 2 2 2 1 1 k k
s x , y  i. , z  i. x , y  i. , z  i. .  . s 1. 1 1 s 2. 2 2
sgS2 qq1
= L x , x ??? L x , x .  .s 3. s 4. s 2 ky1. s 2 k .
= L x , y ??? L x y ??? L c , d ??? .  . .s 2 kq1. j s 2 qq1. j r r1 2qyk .q 1
s x , y  i. , z  i. y , y  i. , z  i. .  .s 2 kq1. 1 1 j 2 21
sgS2 qq1
= L x , x ??? L x , x .  .s 3. s 4. s 2 ky1. s 2 k .
= L x , x L x , y ??? .  .s 1. s 2. s 2 kq2. j2
L x y ??? L c , d ??? . .s 2 qq1. j r r2 qyk .q 1
 i.  i.  i.  i.s y , y , z sym x , y , z L x , x ??? . . . j 2 2 2 qq1 1 1 1 2 31
=L x , x L x , y ??? .  .2 k 2 kq1 2 kq2 j2
=L x , y ??? L c , d ??? g I. . . 52 qq1 j r r2 qyk .q 1
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Now it follows from Lemma 3.14 that exactly two of the variables
 i.  i.  i.  i.  .y , z , y , z must be even, and, by 54 , we can assume that they are1 1 2 2
 i.  i.  i.  i.  4  .z and z . If both y and y belong to x , . . . , x , then from 511 2 1 2 1 2 qq1
we get
sym x  i. , y  i. , z  i. x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. 4 .  .  .  .2 qq1 1 1 1 1 2 2 1 1 k k
s x , x , z  i. x , x , z  i. .  . s 1. s 2. 1 s 3. s 4. 2
sgS2 qq1
= L x , x ??? L x , x .  .s 5. s 6. s 2 ky1. s 2 k .
= L x , y ??? L x , y ??? L c , d ??? .  . .s 2 kq1. j s 2 qq1. j r r1 2qyk .q 1
s x , y , z  i. x , x , z  i. .  .s 2 kq1. j 1 s 3. s 4. 21
sgS2 qq1
= L x , x ??? L x , x .  .s 5. s 6. s 2 ky1. s 2 k .
= L x , x L x , y ??? .  .s 1. s 2. s 2 kq2. j2
= L x , y ??? L c , d ??? . . .s 2 qq1. j r r2 qyk .q 1
 i.  4  .So we need only consider y f x , . . . , x . Note that, if d x s2 1 2 qq1 1
 .  .  .  .  .  .  .d y s d x s d y s 1 and d z s d z s 0, then, by 20 and 15 ,1 2 2 1 2
we have
x , y , z x , y , z L a , b ??? L a , b .  .  .  .1 1 1 2 2 2 1 1 k k
s x , y , z L a , b ??? L a , b x , y , z .  .  .  .1 1 1 1 1 k k 2 2 2
s x , x , y , z L a , b ??? L a , b y , z .  .  . .2 1 1 1 1 1 k k 2 2
y y x , x , y , z L a , b ??? L a , b , z .  .  . .2 2 1 1 1 1 1 k k 2
s yy x , x , y , z L a , b ??? L a , b , z , .  .  . .2 2 1 1 1 1 1 k k 2
then
sym x  i. , y  i. , z  i. x  i. , y  i. , z  i. L a i. , b i. ??? L a i. , b i. 4 .  .  .  .2 qq1 1 1 1 2 2 2 1 1 k k
 i.  i.  i.  i.  i.  i.  i.s yy sym x , x , y , z L a , b ???  .  .2 2 qq1 2 1 1 1 1 1
 i.  i.  i.  i.=L a , b , z g yy I ; I.4 . .k k 2 2
This completes the proof.
IDENTITIES OF JORDAN SUPERALGEBRAS 295
 .It is easy to see that the superization of the graded identity 47 is
e ??? x x x x ??? x x x s 0. .  .  . s s 1. s 2. s 3. s 4. s 2 qy1. s 2 q. s 2 qq1.
sgS2 qq1
55 .
From Proposition 1.1, Corollaries 1.2 and 2.2, Theorem 4.1, and Proposi-
tion 5.8 we infer
 s .  .COROLLARY 5.9. The T -ideal generated by T B and O 2 q q 12 2 `, `
 s .  .coincides with the one generated by T B and 55 .2 `, `
Combining Theorem 4.5 with Corollaries 5.3]5.5, 5.7, and 5.9, we obtain
the following results.
 .  .THEOREM 5.10. The superizations of the identities 1 and 2 along with
 .  .  .  .  .13 ] 15 , 17 , 44 , and 55 form a basis for graded polynomial identities of
the Jordan superalgebra B s , p s 2, 3, . . . ; q s 1, 2, . . . .p, 2 q
 .  .THEOREM 5.11. The superizations of the identities 1 and 2 along with
 .  .  .  .13 ] 15 , 17 , and 44 form a basis for graded polynomial identities of the
Jordan superalgebra B s , p s 2, 3, . . . .p, `
 .  .THEOREM 5.12. The superizations of the identities 1 and 2 along with
 .  .  .  .13 ] 15 , 17 , and 55 form a basis for graded polynomial identities of the
Jordan superalgebra B s , q s 1, 2, . . . .`, 2 q
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